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a b s t r a c t
The appearance of anisotropy in certain properties such as conductivity and diffusion
coefficients could be induced by the application of external magnetic fields. Using the
matricial representation of SO(3) group it was possible to demonstrate that this anisotropy
is characterized by a rotation of plasma current. This work presented in a didatical way
the relation between the external magnetic field and some plasma parameters with the
rotation angle.
© 2010 Elsevier Ltd.
Every ionized gas that satisfy a set of conditions, for example, Debye length smaller than the characteristic length of the
gas and macroscopic neutrality, could be denoted as plasma [1]. Due to the existence of charged particles in plasma, the
main interactions in this system are electromagnetic.
As shown by Bittencourt in Ref. [1], macroscopic equations of transport could be determined, and the dynamics of the
systemanalyzed. In thisworkwe consider aweakly ionizedplasmaas a charged fluid. Themacroscopic equation that governs
the plasma dynamics is the Langevin equation [1]:
me
Due
Dt
= −e(E+ ue × B)− νcmeue, (1)
here the differential operator D/Dt is the time differential operator commonly used in fluid dynamics. Mathematically it is
given by D/Dt = ue ·∇+∂/∂t . The velocityue is the average electron velocity. The first term on the right side of the equation
is related to Lorentz force due to an external electromagnetic field and the last term takes into account the resultant force
provided by collisions between electrons and neutral particles. In Eq. (1), there are two simplifications: (a) the mobility
of neutral particles are very small, because they are much more massive than electrons, (b) the collisions are elastic. The
collision frequency νc is constant. The motion of positive charged particles is negligible and we assume that ui = 0.
Eq. (1) can be linearized. The nonlinear term in the time derivative (ue · ∇)ue can be omitted, if the average velocity and
its space derivatives are small and the magnetic interaction term ue × B can be written in two parts as
ue × B(r, t) = ue × B0 + ue × B′(r, t), (2)
where B0 is constant and B′(r, t) is a small variation around the constant term. If |ue × B′| ≪ |E| the Langevin equation
becomes
me
∂ue
∂t
= −e(E+ ue × B0)− νcmecue, (3)
this expression is known as the linearized Langevin equation.
In the absence of a magnetic field the steady state of Eq. (3), where ∂ue/∂t = 0, gives Ohm’s Law
J = σ0E, (4)
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where σ0 = (nee2)/(meνc) is the conductivity coefficient for an electronic gas. ne and me are respectively, the density and
the mass of electrons.
The simple case when a uniform magnetic field is applied makes plasma spatially anisotropic. For this configuration the
steady state equation obtained from (3) takes the form
− e(E+ ue × B0)−meνcue = 0. (5)
If the z axis is set parallel to the magnetic field, then, B0 = B0zˆ, and replacing ue = −J/ene, Eq. (5) becomes
J = σ0E− σ0B0ene (J× zˆ). (6)
Using a Cartesian coordinate system, the components are given by
Jx = σ0Ex − Ωce
νc
Jy
Jy = σ0Ey + Ωce
νc
Jx (7)
Jz = σ0Ez,
here,Ωce denotes the electron cyclotron frequency given by
Ωce = |e|B0me . (8)
Solving this system of equations and determining the components in the x and y directions we have in a matrix form the
following expression
Jx
Jy
Jz

= σ0

ν2c
(ν2c +Ω2ce)
− νcΩce
(ν2c +Ω2ce)
0
νcΩce
(ν2c +Ω2ce)
ν2c
(ν2c +Ω2ce)
0
0 0 1

Ex
Ey
Ez

. (9)
Now, define the following conductivity tensor S:
S =

σ⊥ −σH 0
σH σ⊥ 0
0 0 σ‖

(10)
where
σ⊥ = ν
2
c
(ν2c +Ω2ce)
σ0 (11)
σH = νcΩce
(ν2c +Ω2ce)
σ0 (12)
σ‖ = σ0 = nee
2
meνc
, (13)
are respectively, the perpendicular transversal conductivity, Hall conductivity and longitudinal conductivity. These three
components take into account the conductivity perpendicular to the direction of the magnetic field, the conductivity due to
Hall effects and the conductivity along the magnetic field direction.
Eq. (9) is the generalized Ohm’s Law for an approximated constant electromagnetic field. Notice that the equation above
is the matrix representation of a tensorial equation, where J and E are tensors of rank-1 and S is the conductivity rank-2
tensor for an approximately constant electromagnetic field. Expression (9) may be rewritten as
J = S · E. (14)
If is considered an electric field and an average velocity varying harmonically in time as e−iωt , the time derivative ∂/∂t
could be replaced by−iωt . Furthermore, Eq. (3) becomes
− iωmeue = −e(E+ ue × B0)−meνcue. (15)
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The expression for the new conductivity tensor is the same as the previous case, unless for the change in frequency,
νc → νc − iω. Therefore, the tensor components are
σ⊥ = (νc − iω)
2
((νc − iω)2 +Ω2ce)
σ0 (16)
σH = (νc − iω)Ωce
((νc − iω)2 +Ω2ce)
σ0 (17)
σ‖ = σ0 = nee
2
me(νc − iω) . (18)
This theoretical approach is part of amore generic theory of gas transport coefficients, that takes into accountmore complex
aspects of anisotropy and other characteristic of the tensor format as presented in Ref. [2].
The form of the conductivity tensor is as shown in Eq. (10). Putting in evidence the term ν2c /(ν
2
c +Ω2ce), and making the
substitutionsΩce/νc = tan θ and ν2c /(ν2c +Ω2ce) = cos2 θ we find that
S = σ0
 cos2 θ − sin θ cos θ 0sin θ cos θ cos2 θ 0
0 0 1
 . (19)
Applying trigonometric equalities this expression takes the form
S = σ0
2
cos 2θ − sin 2θ 0
sin 2θ cos 2θ 0
0 0 1

+ σ0
2
1 0 0
0 1 0
0 0 1

. (20)
The first term on the right side of Eq. (20) is a rotation matrix around the z axis, then we have
S = σ0
2
[Rz(2θ)+ I] (21)
where I is the unit matrix.
As can be seen, the application of an external magnetic field with small spatial variations when compared to a uniform
electric field causes a rotation on the current density, and the rotation angle is associatedwith themagnitude of themagnetic
field and the collision frequency of electrons with neutral particles as
tan θ = Ωce
νc
= |e|B
meνc
. (22)
Amore general expression for S can be determined in the case of a magnetic field as B0 = Bxxˆ+Byyˆ+Bz zˆ, with the form
S = σ0
2
[I+ Rx(2γ )Ry(2β)Rz(2θ)], (23)
where
tan γ = Ωx
νc
= |e|Bx
meνc
tanβ = Ωy
νc
= |e|By
meνc
(24)
tan θ = Ωz
νc
= |e|Bz
meνc
.
Denoting J0 as the current density for the isotropic case, i.e., S as a scalar, we may write
J = σ0
2
[I+ Rx(2γ )Ry(2β)Rz(2θ)] · E = J02 · [I+ Rx(2γ )Ry(2β)Rz(2θ)]. (25)
As the rotationmatrix is one of the representations of the rotation group SO(3) in real space [3], one can use the generators
of this group and equation for conductivity becomes
S = σ0
2
[I+ e2i[γ Sz+βSy+θSz ]], (26)
where the Si are the generators of SO(3).
The behavior of the diffusion coefficient for free electrons is the same as conductivity [1]. When the plasma is in the
presence of an external electric field (isotropic case) the diffusion coefficient is a tensor of rank-0, and when an external
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magnetic field is applied, the diffusion coefficient becomes a rank-2 tensor with a matrix form as shown in Ref. [1] and
given by
D =
 D⊥ DH 0
−DH D⊥ 0
0 0 D‖

(27)
with
D⊥ = ν
2
c
(ν2c +Ω2ce)
De (28)
DH = νcΩce
(ν2c +Ω2ce)
De (29)
D‖ = De = KTemeνc . (30)
D⊥ is related to the perpendicular direction described by the magnetic field, DH is due to the Hall effect and D‖ is related to
diffusion parallel to the direction of the magnetic field.
Using the same methodology proposed for conductivity, we observe that diffusion has a tensor structure similar to
conductivity. Some components have a change in sign, as presented in Eq. (31)
D = De
2
 cos 2θ sin 2θ 0
− sin 2θ cos 2θ 0
0 0 1

+ De
2
1 0 0
0 1 0
0 0 1

. (31)
Here θ is the same as that proposed in the analysis of conductivity. Due to the parity of functions sin(θ) and cos(θ), the
diffusion tensor is associated with a clockwise rotation while conductivity is related to a counterclockwise rotation.
Another approach that shows the relation of this transport coefficients with the rotation group SO(3) for an anisotropic
media is the one proposed by Balescu [4]. It was shown in this work that the anisotropic transport equations are invariant
under rotation transformation. He analyzed the structure of transport equations and proposed a general rank-2 tensor that
satisfies this invariance. But Balescu did not show the strict relation of the magnetic field and the angle of rotation.
In conclusion, the plasma transport coefficients in the presence of an external magnetic field with sufficiently small
spatial variations and the application of a uniform electric field are rank-2 tensors. These coefficients are expressed
proportional to the sum of unit tensor and a rotation group element. The parametric value associated with the rotation
element (angle) is proportional to the magnitude of magnetic field and the collision frequency.
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